Radiative capture rates of thermal ΛΛ + ΞN states into H dibaryon are calculated in the novel imaginary time method. The H dibaryon is assumed to be a bound state of ΞN with spin J π = 0 + , isospin I = 0 and strangeness −2. We consider E1 transition to H from ΞN (L = 1) scattering states which mix with ΛΛ(L = 1). In order to calculate the transition rates, we formulate a coupled-channel imaginary time method by extending the one-channel formula originally proposed by Yabana and Funaki. The imaginary time method allows us to avoid the sum over all the excited thermal initial states, and thus to save computational time significantly. The transition rates are given as a function of temperature and the unknown binding energy of the H dibaryon, which we take as a parameter. It is found that the transition rate is not sensitive to the choices of the H binding energy or the strengths of the channel coupling for temperatures 3 MeV or higher.
I. INTRODUCTION
H dibaryon is a compact bound (or resonance) state of six quarks, u 2 d 2 s 2 , with spin= 0, isospin= 0 and strangeness= −2, proposed by Jaffe in 1977 [1] . The lowest two baryon threshold with these quantum numbers is the S-wave, spin-singlet ΛΛ (L = 0, J = 0) state. The reason why the H dibaryon is interesting is that the quark model dynamics, which describes the ground state hadrons very well, suggests a strong attractive force in this channel. In particular, the flavor SU(3) singlet configuration of the six quarks is favored most by the colormagnetic force (∝ −(σ i · σ j )(λ i · λ j )), which is responsible for the spin splittings of the pseudo-scalar and vector mesons as well as the octet 1/2 + and the decuplet 3/2 + baryons. It is also shown that the Fermi-Dirac statistics for quarks allows all six quarks can occupy the lowest orbit making a fully symmetric orbital state and therefore no Pauli blocking effect may induce short-distance repulsion among the quarks. Thus a compact six-quark-like state is expected in the quark models [2] [3] [4] . The quantum chromodynamics (QCD) also allows color-singlet six-quark states. Recent lattice calculations have indeed suggested existence of either a bound or resonance state around the ΛΛ threshold, although the physical quark-mass point calculations are yet to come [5, 6] . Against all these theoretical indications, long experimental efforts in searching the H dibaryon were unsuccessful so far. The observation of the double hypernucleus has given an upper bound for the binding energy [7] , while an enhancement is observed in the ΛΛ production around and above the threshold. [8] .
Under these circumstances, it is interesting to explore * hikoeri@th.phys.titech.ac.jp † funaki@riken.jp ‡ hiyama@riken.jp § oka@th.phys.titech.ac.jp possibilities of finding the H dibaryon in various production mechanism [9] . In this paper, we investigate the radiative fusion production of H, Λ + Λ → γH, in an environment of finite temperature baryon gas. Suppose that a heavy ion collision produces significant number of strange baryons in a temperature T . Then through the radiative fusion, the H dibaryons may be produced associated with emitted characteristic photons. The goal is to calculate the production rate from the finite-T Λ gas into H dibaryons. In the present calculation we assume that our final state is a ΞN bound state and the radiative transition is through mixing of ΞN (intermediate) states with ΛΛ states.
Our setup here is as follows. The final state is a spinsinglet S-wave bound state of Ξ and N. The radiative decay occurs most strongly from the P-wave ΞN (J = 1) states. We consider both the spin singlet ( 1 P 1 ) and the spin-triplet ( 3 P 1 ) ΞN states. They mix with the P-wave ΛΛ states, which due to the Pauli principle is always spin-triplet ( 3 P 1 ). Then overall, the transition goes from ΛΛ(
In order to calculate the production rate, we apply the imaginary time method (ITM) [10] , in which imaginary time is identified with inverse temperature. This method allows us to replace the sum of the initial scattering-state distribution at finite temperature by solving a Schrödingier-type differential equation with the imaginary-time variable. The advantage of the ITM is that it takes into account the contributions of all the excited initial states automatically without approximation and explicit treatment of them, for instance, discretizing the continuum energy spectrum.
This advantage was demonstrated in the study of the triple-alpha radiative capture process [11] , which plays a key role in synthesizing 12 C in stars [12, 13] . In particular, at low temperatures the reaction rate of this process is very difficult to calculate, since direct capture of the three-alpha particles through their scattering states becomes important, but formal scattering theory of the three-charged particles is not available. This is in contrast with the situation at high temperatures, in which the reaction proceeds through the so-called Hoyle state, the resonant 0 + state at 7.65 MeV in 12 C [13, 14] . However, the ITM that does not require any boundary condition of the three-charged particles could overcome this difficulty and was found to be very powerful method.
In this study, we extend the ITM mentioned above in coupled-channel calculations, in which the three-channel initial states, ΛΛ( 3 P 1 ) and ΞN( 1 P 1 , 3 P 1 ), are considered. We show that the coupled-channel ITM reduces conputational time significantly, since it does not require solving scattering initial states explicitly. The calculated transition rate at high temperatures is shown to be insensitive to the energy positions of the H dibaryon, though the H dibaryon is assumed to be bound in this calculation, due to a constraint of the present method. This paper is organized as follows.
In sect. 2, we summarize the formulation of the coupled-channel ITM. The hamiltonian for the initial states is taken from the Nijmegen potentials supplemented by an anti-symmetric spin-orbit (ALS) force. The ALS is necessary to mix the spin 0 ΞN state with spin 1. The final state energy, i.e., the H dibaryon mass, and its wave function are computed by assuming a simple Gaussian potential for 1 S 0 ΞN system.
In sect. 3, we present details of our calculation, solving the imaginary time differential equation step by step. Our main results are shown, i.e., the reaction rates for various temperatures, contributions of the initial channels, as well as dependencies of the results on the choices of parameters of the model. In sect. 4, conclusions are given.
II. IMAGINARY TIME METHOD
In this paper, we consider the transition process in the heavy ion collisions. As mentioned in Introduction, H dibaryon is assumed to be 1 S 0 bound state of Ξ and N as the final state of the radiative capture reaction. ΛΛ states are thus not assumed to change into the H dibaryon directly by emitting a photon, though they are thermally distributed as the initial states. The initial states that are most likely to decay into the final state are then ΞN( 3 P 1 and 1 P 1 ) states, which mix with the ΛΛ ( 3 P 1 ) states by the strong interaction. This transition may be uniquely indentified as a photon with a few tens of MeV is emitted.
The ordinary form of the radiative capture thermal reaction rate accompanying an emission of a photon between the initial and final states, which are labeled by i, c and f , respectively, is given by
Here β = 1/k B T is the inverse temperature, E γ = E i −E f is the energy of the emitted photon, and ψ ic and ψ f are the wave functions of the initial and final states, respectively, in which c specifies the channel number of the initial states, i.e. c = 1, 2 and 3 for ΛΛ( 3 P 1 ), ΞN( 1 P 1 ) and ΞN( 3 P 1 ) states, respectively.M λµ is the multipole transition operator for γ-ray emission with a multipolarity λ. Since we now consider the reaction with total angular momentum J = 1, a γ-ray with λ = 1 is emitted, giving the transition to the 1 S 0 H dibaryon. ω i accounts for the degeneracy of the initial state, i.e. ω i = 2 · 1 + 1, and µ is the reduced mass of the initial state, which is taken as the reduced mass of ΞN.
In order to obtain a form of the ITM, it is convenient to use the following spectral representation of the Hamiltonian,
By substituting the above equation into the ordinary form of the reaction rate Eq. (1), the following ITM formula can be obtained,
whereĤ is the Hamiltonian for the three-component initial states andP is the projection operator that eliminates any bound initial states. In the present calculations, the Hamiltonian does not give any bound eigenstates, which leads toP = 1.
The transition operator that we adopt in the present calculations is given by the standard (leading-order) E1 (λ = 1) transition operator and a sub-leading operator, which flips the spin of the particle, i.e.,
where k is the momentum of the emitted photon, ρ represents the charge density, and m denotes the magnetic moment density. The matrix elements of this operator for the individual initial channels are given by (7) where e is the electric charge, and R ic (r) and R f (r) are radial wave functions of the initial and final states, respectively. Note that the leading-order transition operator cannot change the spin, while the sub-leading term connects the spin 1 state to the spin 0 final state. We here assume no exchange current operator which may change ΛΛ to ΞN in the transition. The magnetic coupling g can be expressed in terms of the iso-scalar part of the g-factors of Ξ and N, g 1 and g 2 , respectively, in the following way,
Here m 1 and m 2 are masses of Ξ and N particles, respectively, and µ N is the nuclear magneton. The HamiltonianĤ for the initial states can be described as having the three-channel components. The potential parts, which we denote as v cc ′ with c, c ′ = 1, 2, 3, can then be composed of the central, spin-orbit (SLS), antisymmetric spin-orbit (ALS), and tensor terms, as follows:
where the SLS, ALS and tensor operators, L · S (S) , L · S (A) and S T , respectively, can be defined as,
Here we note that for the YN (hyperon-nucleon) and YY (hyperon-hyperon) interaction in Eq. (9) we adopt G-matrix-type YN and YY interaction constructed from Nijmegen potential. For the G-matrix-type interaction, which is described in terms of multi-range Gaussian form, we take the parameter set of NSC-97f [15] 
where v ΛN is the ALS potential between ΛN( 3 P 1 ) and ΛN( 1 P 1 ) states. Next we calculate the final-state wave function by solving the Schrödinger equation, assuming that the H dibaryon is a ΞN bound state. Here we simply adopt a Gaussian form for the potential of the H dibaryon as follows:
where r H is a width parameter corresponding to the size of the H dibaryon, for which we take r H = 0.5, 1.0, 1.5
[fm]. The size of the width parameter r H = 0.5 [fm] corresponds to the compact 6 quarks H dibaryon and r H = 1.5 [fm] corresponds to a ΞN bound state with more dilute density structure. Figure 1 shows the relations between the various choices of r H and V 0 , and the binding energies of the H dibaryon from the ΛΛ threshold. In is taken in all the calculations in this work, for which we confirmed that the present results sufficiently converge. The radial wave function of the H dibaryon with this potential is also shown in Fig. 3 . In order to calculate the reaction rate via the ITM in Eq. (3), it is useful to first define the following wave function with three components Ψ(β) = (Ψ 1 (β), Ψ 2 (β), Ψ 3 (β)) depending on the inverse temperature β that is identified with the imaginary-time variable, This wave function is found to satisfy the following Schrödinger-type equation along the imaginary-time axis β,
The formula in Eq. (3) can then be expressed by using the imaginary-time wave function Ψ(β) as follows:
The reaction rate at an arbitrary value of β can be obtained as a result of the imaginary-time evolution of Ψ(β) by solving Eq. (16) with the use of the Taylor expansion method, in the following way,
where we take ∆β = 1 × 10 −6 [MeV −1 ] and k max = 4. We confirmed that with this choice of the variables the results well converge. Figure 4 shows the initial distributions with β = 0, of the ΛΛ, ΞN( 1 P 1 ), and ΞN( 3 P 1 ) components of the Ψ(β/2 = 0) wave function in Eq. (15), Ψ 1 (β/2 = 0), Ψ 2 (β/2 = 0) and Ψ 3 (β/2 = 0), respectively. We can see that there is no ΛΛ component, i.e. Ψ 1 (β/2 = 0) = 0, since the transition operatorM λ=1µ does not couple the final state with the ΛΛ initial state, as calculated in Eq. (5). The amplitudes of ΞN( 1 P 1 ) and ΞN( 3 P 1 ) components are non-zero, and the former is larger than the latter, together with a broader shape of the former component, since the factor k in the transition operator for the former channel in Eq. (6) enhances the amplitude of the wave function at higher temperature region. Figures 5 and 6 show the behaviors of the imaginarytime evolution of the ΛΛ( 3 P 1 ) and ΞN( 1 P 1 ) components of the Ψ(β/2) obtained by solving Eq. (16) with Eq. (18). In both figures, we find that the amplitudes of the wave functions are exuded toward the outer region as the imaginary-time evolution. While the amplitude of the ΛΛ( 3 P 1 ) wave function Ψ 2 (β/2) becomes larger, as the imaginary-time evolution (see Fig.5 ), the one of the ΞN( 1 P 1 ) wave function becomes smaller (see Fig.6 ). Figure 7 is the calculated reaction rate in Eq. (17) shown as a function of the inverse temperature β [MeV], where the imaginary-time evolution of Eq. (16) and Eq. (18) is calculated in a large box size R max = 20 fm. We check the convergence of the reaction rate with respect to the box size R max . In Fig. 8(a) , we show the reaction rates calculated with the maximum size between R max = 10 fm -80 fm. We find that the reaction rate falls off too rapidly if the radial box size is not sufficiently large. This convergence behavior is the same as calculated in the previous articles with the use of the ITM [10, 11] . As the imaginary time proceeds, i.e., the temperature decreases, the amplitude of the wave function gradually extends toward the outside region, since the lower energy states give significant contribution to the reaction rate at lower temperatures. We can see that the reaction rate is well converged up to β = 10 [MeV −1 ] if we take more than R max = 60 fm. In Fig.8(b) , the convergence behavior up to β = 1 [MeV −1 ] is shown, and we can see that adopting R max = 20 fm gives sufficiently converged result. Since in this study we suppose heavy ion collision with thermal ΛΛ gas with β much less than In Fig. 7 , we find that the reaction rate of the H dibaryon is 0. . This indicates that for approximately 650 collisions of heavy ions, one H-dybarion is produced. The ITM formula of Eq. (3) or Eq. (17) could be obtained by transforming the ordinary form of the reaction rate Eq. (1), where scattering wave functions should be handled explicitly as the initial states. The present formula is the extended version of the original ITM formula in Ref. [10] to the case of coupled-channel calcula- tions. Therefore it is important to check the correctness of the analytical formula of the coupled-channel ITM, by comparing the results calculated numerically according to both the fomulae Eq. (17) and Eq. (1). In order to calculate the reaction rate according to the ordinary method, we first derive the initial states ψ ic (c = 1, 2, 3) with the use of the conjugate gradient (CG) method in a spatial box size, which is here taken as 20 [fm], with a radial grid size ∆r = 0.01 fm. The total number of the initial states is then 2000 × 3. Figure 9 shows the convergence behavior of the reaction rate at β = 0.0001 [MeV −1 ] for the adopted number of the initial states in the sum of the energy levels i in Eq. (1). We find that the reaction rate is converged when more than 400 initial states, i.e. ψ i=1c ∼ ψ i=400c , are summed up in Eq. (1). The eigenenergy of the 400th energy eigenstate is calculated to be E i=400 = 15748 MeV. In Fig. 10 , we show the reaction rate calculated as a function of β, in which the energy eigenstates up to i max = 400 are summed up, in comparison with that obtained with the ITM. We can see that both results coincide with each other, indicating the correctness of the ITM formula derived within the coupled-channel framework. Here we mention an advantage of the ITM that it saves the computational time much more than the ordinary method. The former takes 57 seconds while the latter 608 seconds, at β = 1 MeV −1 , i.e. 10 times faster than the ordinary method.
III. RESULTS AND DISCUSSION
We next discuss the dependence of the reaction rate on the binding energy of the H dibaryon, which can be artificially tuned by changing the depth parameter of the potential V 0 in Eq. (14) (see also Fig. 1 ). Figure 11 shows the reaction rate with different binding energies of the H dibaryon. We see that as the binding energy increases the reaction rate becomes large at lower temperature regions. However, at higher temperatures, β ≤ 0.3 MeV −1 , which we are interested in in this study, the reaction rate is not sensitive to the variation of the binding energy of the H dibaryon. This implies that a similar result is expected for a resonance H dibaryon above ΛΛ threshold, although in this calculation a bound state is assumed. (14), with a fixed width-parameter value rH = 1.0 fm.
We also investigate the dependence of the reaction rate on the choice of the ALS potential, by artificially varying the strength of the ALS potential v ALS in Eq. (13) . We show in Fig. 12 the reaction rates calculated with the various strength values with which additional factors are multiplied. We find that at lower temperature region with β ≥ 0.4 MeV −1 , the reaction rate is sensitive to the choice of the ALS potential, and the stronger ALS potential leads to the larger reaction rate, whereas at higher temperature region with β ≤ 0.4 MeV −1 , the reaction rate is not sensitive to the choice of the ALS potential. This result is understood as follows: At low temperature region, the ΛΛ states are dominant and the mixing of the ΞN( 1 P 1 ) states with the ΛΛ states is small.
The direct transition of the ΛΛ initial states into the H dibaryon is prohibited and only the ALS potential couples the ΛΛ channel with the ΞN( 1 P 1 ) channel that contributes to this transition, resulting in the strong sensitivity to the ALS potential. On the contrary, at higher temperatures, there are sufficient number of the ΞN( 1 P 1 ) thermally mixed with ΛΛ states. The mixing of the ΞN states gives non-negligible contribution to the reaction rate, even without the ALS potential, leading to the insensitivity to the choice of the ALS potential. Finally, we calculate the contributions to the reaction rate from the each component of the wave function Ψ(β) = (Ψ 1 (β), Ψ 2 (β), Ψ 3 (β)). In Eq. (17), the reaction rate can be decomposed into the following three components,
where the following relation is satisfied,
We show in Fig.13 these contributions from the three channels. We can see that at higher temperatures the contribution of the ΞN( 1 P 1 ) channel, c ΞN( 1 P1) is the largest. This is because, according to the previous consideration, at higher temperatures a plenty of ΞN( 1 P 1 ) states are mixed with the thermal ΛΛ distribution, and the direct transition process from the ΞN to the H dibaryon prevails over the process from ΛΛ through the ALS coupling potential to the ΞN( 1 P 1 ), and then to the H dibaryon. We also note that the wave-number factor k of the emitted γ-ray in the transition operator for the ΞN( 1 P 1 ) channel in Eq. (6) We can understand this situation more clearly by the further analysis of the three-component wave function.
In Fig. 14 , we shows the probabilities of the each component defined below,
We can see that it is found that, as is consistent with the previous figure, at high temperatures the ΞN( 1 P 1 ) component is dominant, and at the lower temperatures the ΛΛ component becomes the largest. As the decrease of temperature, the probability of the ΛΛ component rapidly gets higher, and over β ≈ 0.4 MeV −1 it becomes the largest, whereas below this temperature the ΞN( 1 P 1 ) component rapidly disappears. 
IV. SUMMARY AND CONCLUSION
In summary, we have applied the imaginary time method to calculate the radiative fusion rates of ΛΛ into the H dibaryon at finite temperature. Mixings of the ΞN( 3 P 1 ) and ΞN( 1 P 1 ) channels with the ΛΛ( 3 P 1 ) channel are considered in the initial thermal state. The E1 transition to the ΞN( 1 S 0 ) bound state that represents the H dibaryon is calculated. The imaginary time method is applied so that the sum over all the excited states in the thermal initial state can be taken into account without computing the scattering wave functions.
A representative calculation is done for a bound H dibaryon with the binding energy 3 MeV below the ΛΛ threshold for the initial temperature of 100 MeV, giving the transition rate, 0.38 [MeV·fm 3 ]. This corresponds to a rate that may produce one H dibaryon in a few hundred HI collisions through the E1 transition, assuming a collision produces 10 Λ's in a few fm volume region of temperature about 100 MeV. It is found that the effect of the channel mixing is significant especially at high temperature, where the difference of the threshold energies between ΛΛ and ΞN is not important. On the other hand, at a lower temperature, the transition rates are sensitive to the mixing potential. It should be noted that the E1 transition is dominated from the ΞN( 1 P 1 ) channel, which mixes with the ΛΛ( 3 P 1 ) state only through the antisymmetric spin-orbit (ALS) potential. Thus the transition rates at low temperatures are sensitive to the strength of the ALS potential. We have found that the transition rate is larger for the deeper bound state at low temperatures. In contrast, the reaction rates are not sensitive to the choices of parameters when the temperature is above around 50 MeV. Although our present calculation is applied only to the bound H state, we expect a similar production rate, even if the H dibaryon is a resonance above the ΛΛ threshold.
Our calculation is compared to the standard method, which explicitly sums the initial scattering states, and it is found that the results are consistent with each other. On the other hand, the computational time in the imaginary time method is much shorter (about one order) than the ordinary method. Thus, we have confirmed that the imaginary time method for the multi-channel hadronic transitions can be well performed. 
